P = A ⊕ B Q = A
Groups
A group G consists of :
• a set S and
• an operation Ω .
Set and operation have to fulfil conditions :
• S has to be closed :
• Ω has to be associative :
• S has to have an identity element :
• each element of S has to have an inverse in S : Truth table of three reversible logic gates  of width 
The subgroup of control gates
ABC P QR Examples :
This subgroup of control gates is isomorphic to the Young subgroup
Its order is 2
The number r of reversible gates, the number t of twin gates, the number c of control gates 
Cosets
Let a be a member of the group G. The coset of a is the set b Ω a , where b is a member of the subgroup H . The symmetric group S 4 partitioned (a) as the four left cosets of S 3 .
Double cosets
Let a be a member of the group G . The double coset of a is b 1 Ω a Ω b 2 , where both b 1 and b 2 are members of subgroup H . The symmetric group S 4 partitioned (a) as the four left cosets of S 3 (b) as the three double cosets of S 2 ×S 2 .
The double coset of a is b 1 Ω a Ω b 2 , where both b 1 and b 2 are members of subgroup H .
The twin gates lead to a chain of subgroups: For synthesizing all 40,320 members of S 8 , they need a library of only 7 elements. The synthesis is a cascade with length of 7 or less.
Synthesis according to double coset space
Electronics
Electronic implementation is based on the subgroup of control gates : w inputs A, B, C, ..., J, and K and w outputs P , Q, R, ..., Y , and Z, such that :
where f is an arbitrary boolean function of the w − 1 variables A, B, C, ..., J.
The subgroup is isomorphic to S Three special examples:
Then the gate is the identity gate i.
•
Then the gate is the inverter or NOT gate.
• If f (A, B, C, ..., J) = ABC...J, then the gate is the CONTROLLED w−1 NOT gate or TOFFOLI gate.
The NOT gate:
The CONTROLLED NOT gate:
is equivalent with
The CONTROLLED CONTROLLED NOT gate or TOFFOLI gate:
is equivalent with Energy dissipation per computational step:
We compare with the Landauer quantum kT log(2) ≈ 3 z J = 0.000 003 f J . 
